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Abstract
Any full rank perfect 1-error correcting binary code of length n = 2k − 1 and with a kernel of dimension n − log(n + 1) − m,
where m is sufﬁciently large, may be used to construct a full rank perfect 1-error correcting binary code of length 2m − 1 and with
a kernel of dimension n − log(n + 1) − k. Especially we may construct full rank perfect 1-error correcting binary codes of length
n = 2m − 1 and with a kernel of dimension n − log(n + 1) − 4 for m = 6, 7, . . . , 10.
This result extends known results on the possibilities for the size of a kernel of a full rank perfect code.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
There are up to now not very many results on the structure of full rank 1-error correcting perfect binary codes. The
results below will say something, not very much. They connect full rank perfect codes to other full rank perfect codes.
Thereby, already known such codes can be used to construct new full rank perfect codes. In this construction we will
use the super dual of a perfect code. This concept was recently deﬁned in [6]. Most shortly, words in the dual of the
kernel of a perfect code C are considered and the fact, whether or not they are orthogonal to coset representatives of
the kernel of C, will be used to deﬁne the super dual of the code.
To state the main results, we need to more precisely deﬁne the concepts of perfect code, rank and kernel.
A perfect 1-error correcting binary code C of length n is a subset C of the direct product
Zn2 = Z2 × Z2 × · · · × Z2,
satisfying the condition
any word of Zn2 is at distance at most one from a unique word c ∈ C.
The distance d(u, v) is the Hamming distance, i.e.
d(u, v) = the number of positions in which the words u and v differ.
We will often write, for short, perfect code instead of perfect 1-error correcting binary code.
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One important problem, which perhaps is impossible to solve, is to classify all perfect codes. Even for perfect codes
of short length this seems impossible. One may study these classiﬁcation problems using the concepts of rank and
kernel.
The rank of a perfect code C, denoted by rank(C), is the dimension of the linear span 〈C〉 of the words of C. If the
rank of the perfect code C equals the length of C then C is said to be a full rank perfect code.
A word p is said to be a period of C if p + c ∈ C for all words c ∈ C. The set of all periods of a perfect code C of
length n constitutes a subspace of Zn2 . This subspace is called the kernel of C and will be denoted by ker(C).
Etzion andVardy [5] stated the problem of the decision of all pairs (r, k) for which there exists a perfect code of length
n of rank r and with a kernel of dimension k. This problem was studied by Phelps andVillanueva [8] andAvgustinovich,
Heden and Solov’eva [1–3]. The problem was solved almost completely, with a very few exceptions, see [3]. The
undecided cases were the question of existence of full rank perfect codes of length n= 2k − 1 for k = 6, 7, . . . , 10 and
with kernels of dimension n − log(n + 1) − 4, respectively, n − log(n + 1) − 5 and of length 31 and with a kernel of
dimension 22. We will show the following:
For n = 2k − 1, where k = 7.9 or 10, there exist full rank perfect codes of length n and with kernels of dimension
n − log(n + 1) − 4, respectively, n − log(n + 1) − 5 and for n = 63 there exists a full rank perfect code of length n
and with a kernel of dimension n − log(n + 1) − 4.
It follows that there are only two open cases remaining of the Etzion–Vardy problem.
To any full rank perfect code C we will, as indicated in the ﬁrst paragraph of this section, associate a perfect code
Ckernel. The result above is an easy consequence of a more general result, proved below:
To any full rank perfect code C of length n = 2k − 1 and with a kernel of dimension n − log(n + 1) − m, the
corresponding perfect code Ckernel will have length n′ = 2m − 1 and a kernel of dimension n′ − log(n′ + 1) − m′ for
some value of m′ with m′k.
In the above result the value of m′ depends on the structure of the dual of the kernel of the prefect code C.
2. Preliminaries
Only a few further concepts, deﬁnitions and notations need to be explained.
The dual of a subspace W of the space Zn2 consists of the set
W⊥ = {w ∈ Zn2 |w · c = 0 for all c ∈ C},
where, with w = (w1, w2, . . . , wn) and c = (c1, c2, . . . , cn),
w · c = w1c1 + w2c2 + · · · + wncn (mod2).
Trivially the dual of any subspace is a subspace and dim(W) + dim(W⊥) = n.
The weight w(c) of a word c ∈ Zn2 , is the number of ones in the word. For any subset I of the set {1, 2, . . . , n} let
wI (c) denote the number
wI (c) = |{i ∈ I | ci = 0}| where c = (c1, c2, . . . , cn).
Consider any partition of the set {1, 2, . . . , n}:
{1, 2, . . . , n} = I0 ∪ I1 ∪ · · · ∪ It where Ii ∩ Ij = ∅ for i = j .
We say that the weight of c is equally distributed in the partition I0, I1, . . . , It if
wI0(c) = wI1(c) = · · · = wIt (c).
The projection of a word of Zn2 on a subspace ZI2 , where I = {i1, i2, . . . , ik} and where i1 i2 · · ·  ik , is the map
projI (c1, c2, . . . , cn) = (ci1 , ci2 , . . . , cik ).
This map is a linear map.
A simplex code in Zn2 is a linear code H with the property that all nonzero words have weight w = (n + 1)/2.
We will always assume that the zero word (0, 0, . . . , 0) will belong to the perfect codes we consider.
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3. The super dual
By using the cosets of the kernel of a perfect code we may deﬁne the super dual of a perfect code. That is the main
tool we will use in the proof of the results below.
Let C be a perfect code and let c1, c2, . . . , ck be a set of coset representatives in C of the kernel of C:
C = ker(C) ∪ (c1 + ker(C)) ∪ (c2 + ker(C)) ∪ · · · ∪ (ck + ker(C)).
We presume that ci + cj /∈ ker(C), for any two distinct elements i and j in the set {1, 2, . . . , k}, and thus that the cosets
above are disjoint.
To any word g in the dual of the kernel of C we deﬁne a word s(g) = (s1(g), s2(g), . . . , sk(g)) in Zk2 by
si(g) =
{
0 if ci ⊥ g,
1 else.
The super dual of C is the set of words
(G|S) = {(g|s(g)) ∈ Zn2 × Zk2 |g ∈ ker(C)⊥}.
We showed in [6] that for any perfect code C, the super dual (G|S) of C is a subspace of Zn+k2 satisfying the following
conditions:
(i) dim((G|S)) = n − dim(ker(C)),
(ii) if w(g) = n+12 then w(s(g)) = k+12 ,
(iii) if w(s(g)) = k+12 then w(g) = n+12 .
Further, there is a base g1, g2, . . . , gt of the row space of G such that
(iv) w(gi) = n+12 and w(s(gi)) = k+12 for i = 1, 2, . . . , t
and
(v) the k words (s(g1), s(g2), . . . , s(gt )),  = 1, 2, . . . , k, are mutually distinct.
The interesting thing is that the converse is true. It was proved in [6], that if a subspace (G|S) of Zn2 × Zk2 satisﬁes
the conditions (ii)–(iv) and (v) then this subspace is the super dual of a perfect code C satisfying the condition (i). The
kernel of C will be the dual of the space G and C is the union of cosets of the kernel of C. The deﬁnition of the coset
representatives for these cosets is given in [6] and we repeat it here.
Let {g1, g2, . . . , gt } be a base for the row space of the matrix G. Consider, for r = 1, 2, . . . , t , the subspace Gr
of Zn2 generated by the rows in the set {g1, g2, . . . , gt }\{gr}. The dual of Gr is the union of ker(C) and some coset
r + ker(C), where r + ker(C) = ker(C) if and only if gr /∈ 〈C〉⊥. The coset representative c of ker(C) in C is
deﬁned by
c = s(g1)1 + s(g2)2 + · · · + s(gt )t .
We also need to observe that the rank of C equals n− dim(kernel(s)), where we by kernel(s) mean the kernel of the
linear map g → s(g) from Zn2 to Zk2, deﬁned above.
Finally, we have to remark that one may prove that, if (G|S) is the super dual of a full rank perfect code, then the
columns of G together with the columns of S, form a full rank tiling. For the deﬁnition of tiling, see e.g. [4].
4. A lemma on simplex codes
To any simplex code H in Zn2 we may deﬁne an equivalence relation on the set {1, 2, . . . , n}, by
i ∼ j if and only if si = sj for all words s = (s1, s2, . . . , sn) of H .
1978 O. Heden / Discrete Mathematics 306 (2006) 1975–1980
This equivalence relation induces a partition of the set {1, 2, . . . , n} into equivalence classes
{1, 2, . . . , n} = I0 ∪ I1 ∪ I2 ∪ · · · ∪ It ,
where t = 2dim(H), Ij ∩ Ik = ∅, if j = k, and
|I0| = n + 1
t + 1 − 1 and |I1| = |I2| = · · · = |It | =
n + 1
t + 1 .
Lemma 1. Consider a simplex code H of dimension t in Zn2 and the associated partition I0, I1, . . . , I2t−1 of the set{1, 2, . . . , n}. If the word c has the property that w(c + s) = w(s) = w for every nonzero word s of H then the weight
of c is equally distributed in the partition I0, I1, . . . , I2t−1.
Proof. Let xi , for i = 0, 1, 2, . . . , 2t − 1, denote the integer wIi (c). For any nonzero word s of H we get that
w(c + s) = w +
2t−1∑
i=0
i (s)xi where, if j ∈ Ii and s = (s1, s2, . . . , sn), i (s) = (−1)sj .
(Note that, as sj = sk if j, k ∈ Ii , the integers i , for i = 0, 1, 2, . . . , 2t − 1, are well deﬁned.) As w(c + s)=w and as
there are 2t − 1 nonzero words of the simplex code H, the above equation will give a homogeneous system of 2t − 1
linear equations for the 2t unknown integers x0, x1, x2, . . . , x2t−1:
2t−1∑
i=0
i (s)xi = 0, s ∈ H\{(0, 0, . . . , 0)}.
We now consider the standard inner product in the real Euclidean vector space R2t where R denote the real numbers:




AsH is a simplex code we conclude, that the rows of the coefﬁcient matrix of the above system of 2t −1 linear equations
are mutually orthogonal. Hence the rank of this coefﬁcient matrix will be 2t − 1 and the system above, will have a
one-dimensional solution space:
(x0, x1, x2, . . . , x2t−1) = (1, 1, 1, . . . , 1),  ∈ R,
that is, the weight of c is equally distributed in the partition we consider. 
5. The kernel code of a full rank perfect code
The aim of this section is to show how we to any full rank perfect code C may associate another full rank perfect
code that, in most cases has another length than C and another size of the kernel. This code will be called the kernel
code of C and will be denoted Ckernel. The idea in this construction is to use the super dual (G|S) of C and reverse the
role of G and S, that is, we consider the space (S|G). In some cases this will be the super dual of a perfect code, in the
other cases we need to consider a subspace of the row space of (S|G) and the projection of the row space of G on a
subspace of Zn2 where n is the length of the rows of G. Now to the details in the construction.
We consider the super dual (G|S) of a full rank perfect code C of length n = 2k − 1 and with a kernel of dimension
n− log(n+ 1)−m. As C has a rank equal to n we know that m1. Let w = (n+ 1)/2 denote the weight of the words
of a simplex code of length n.
The dimension of the row space of G equals log(n + 1) + m. As m1, the rows of the row space of G cannot
constitute a simplex code. Hence, there is at least one row rs of G such that w(rs) = w. Consider a maximal set of
linearly independent rows
R = {rt+1, rt+2, . . . , rs}
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of G with the property
w(r) = w for  = t + 1, t + 2, . . . , s.
If these words together with a set of rows r1, r2, . . . , rt of G constitute a base of the row space of G then, as the set R
is maximal, the rows r1, r2, . . . , rt will be a base of a simplex code GH of length n and of dimension t. (It can happen,
and actually this often also will be the case, that t = 0.)
As the set of words R is a maximal set of words of a weight distinct from w, we get that any of these words added
to a word of the simplex code GH will result in a word of weight w. Let I0, I1, I2, . . . , Ia , where a = 2t − 1, be the
partition of the set {1, 2, . . . , n} associated to the simplex code GH . Then, by Lemma 1, the weight of any of the words
in the set R, is equally distributed in this partition of the set {1, 2, . . . , n}. Hence if r ′i , for i ∈ {t + 1, t + 2, . . . , s},
denotes the projection of the word ri on the subspace ZI02 we get that
w(r ′i ) =
w(ri)
a + 1 for i = t + 1, t + 2, . . . , s. (1)
We now consider the rows (ri |si), for i = t + 1, t + 2, . . . , s. We ﬁrst note that
the rows si, for i = t + 1, . . . , s, are linearly independent. (2)
This is true, as if there were not, a nontrivial linear combination of them would be the zero word. According to the
observation at the end of Section 3, as C is a full rank perfect code, the same linear combination of the words ri ,
i ∈ {t + 1, t + 2, . . . , s} must be the zero word. This is impossible as these words are linearly independent.
Let n′ = 2m − 1, n′′ = |I0|, w′ = (n′ + 1)/2 and w′′ = (|I0| + 1)/2. As the words ri , i ∈ {t + 1, t + 2, . . . , s}, all
have a weight distinct from w we get, from (ii) of Section 3 and (1), that
w(si) = w′ and w(r ′i ) = w′′ for i = t + 1, t + 2, . . . , s. (3)
We now consider the (s − t)×n′′-matrix G′ with the rows r ′i , for i = t + 1, t + 2, . . . , s. Two columns of this matrix
cannot be equal, because if this were the case, then the matrix G would contain two equal columns. This is impossible
as the row space of G is the dual of the kernel of the perfect code C and the kernel of C cannot contain a word of
weight two.
From this fact and the statements (1)–(3), it follows that the words in the linear span of the rows (si |projI0(ri)) satisfy
the conditions for being the super dual of a perfect code. This perfect code will be called the kernel code of C and will
be denoted by Ckernel. We summarize in the following theorem:
Theorem 1. Consider the super dual (G|S) of any full rank perfect code C of length n and with a kernel of dimension
n− log(n+ 1)−m. Assume that the set of rows rt+1, rt+2, . . . , rs constitute a maximal set of linear independent rows
of G with the property that
w(ri) = (n + 1)/2 for i = t + 1, t + 2, . . . , s.
If the rows r1, r2, . . . , rt of G together with the rows rt+1, rt+2, . . . , rs constitute a base of the row space of G then these
latter rows constitute a base for a simplex code H of length n. If I0, I1, . . . , I2t−1 is the partition of the set {1, 2, . . . , n}
associated with H, then the set of rows
(si |projI0(ri)), where (ri |si) ∈ (G|S), i = t + 1, t + 2, . . . , s
constitute a base for the rows space of a super dual of a full rank perfect code of length n′ = 2m − 1 and with a kernel
of dimension n′ − log(n′ + 1) − m′ where m′ = log(|I0| + 1).
We immediate have the following corollary:
Corollary 1. If there exists a full rank perfect code of length n and with a kernel of dimension n − log(n + 1) − m
then there exists a full rank perfect code of length n′ = 2m − 1 and with a kernel of dimension n′ − log(n′ + 1) − m′
for some integer m′ log(n + 1).
1980 O. Heden / Discrete Mathematics 306 (2006) 1975–1980
6. Some existence results for perfect codes
Corollary 2. There is a full rank 1-error correcting perfect binary code of length 63 and with a kernel of
dimension 53.
Proof. There exists a perfect code C of length 15 and with a kernel of dimension 5, see [5]. The kernel code of C has
length 63 and a kernel of dimension at least 53. By [8] there is no full rank perfect code of length 63 with a kernel
greater than 53. 
The following result completes known results on existence of perfect codes with given rank and dimension of
kernel [3].
Corollary 3. There are full rank perfect codes of length n = 2k − 1 and with a kernel of dimension n − log(n + 1)
− m for
m = 4 for k = 6, 7, . . . , 10
and
m = 5 for k = 7, 8, . . . , 10.
Proof. Use Corollary 2 and the Vasil’ev construction as described in [1] or [2]. 
It is now well known, that full rank perfect codes are in direct correspondence with full rank tilings, see [4]. Hence,
it follows immediately from a result on tilings by Östergård and Vardy [7] that there are no full rank perfect codes of
length 15 with a kernel of dimension 6 and no fullrank perfect codes of length 31 with a kernel of dimension 22. Thus,
there are now only two open cases left, for the possible values for the rank r and the dimension k of the kernel of a
perfect code of length n:
(n, r, k) ∈ {(31, 31, 21), (63, 63, 52)}.
Again, by theVasil’ev construction, the existence of a perfect codewith the ﬁrst of these parameters implies the existence
of a perfect code with the parameters (n, r, k) = (63, 63, 52).
The arguments in the proof of Corollary 2 may be generalized and we get the following theorem:
Theorem 2. Let C be a full rank perfect code of length n= 2k − 1 and with a kernel of dimension n− log(n+ 1)−m.
If k + m − 1(n + 1)/2 then the kernel code Ckernel of C is a full rank perfect code of length n′ = 2m − 1 and with a
kernel of dimension n′ − log(n′ + 1) − k.
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